We reanalyze quantum Einstein gravity in a perturbative way. As an example, the (1-loop) renormalizability of the scalar-gravity interacting theory is reexamined. The importance of the gauge choice is stressed. We propose the most general background-field gauge for this theory and show that the renormalizability is valid if we choose the gauge parameters properly. § 1. Introduction 
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The effective action is widely used in the field theory since it contains sufficient quantum information and has advantage in the physical interpretation and in the practical use over other approaches. · In particular the effective action based on the background-field method (background effective action) 1 >' 2 > has been used popularly due to the practical convenience. It has been analysed from various points: its relation to the usual effective action,I>· 2 >·
3
: the generating function of S-matrix, 4 > renormalization procedure, 5 >-s> etc. So far as ordinary renormalizable theories (such as Yang-Mills theory, QED, QCD) are concerned, the background effective action gives consistent results with other approaches. As for gravitational theories, however, the analysis is done only at the formal level and largely depends on the analogy to usual gauge theories.
1 > On the other hand, the renormalizability arguments in gravitational theories are done using the background effective action. The most popular principle is to check whether the counter-terms, which is derived from the divergent part of the background effective action, vanish on the condition of the field equation (on-shell condition). On the basis of this principle, it is said the pure Gravity is unrenormalizable at 2-loop, the scalar-gravity coupled theory is unrenormalizable at 1-loop, etc. As far as the ordinary renormalizable theories ·are concerned, much analysis has so far sufficiently confirmed the following statement: The on-shell background effective. action is directly related to the physical quantity (S-matrix) and is independent of the gauge choice (we call this on-shell S-matrix statement). If this is ture for gravitational theories, the above principle can be trusted. As referred to the previous paragraph, however, the statement has no firm basis in gravitational theories:
We have some reasons for distrust of the statement in gravitational theories.
must be very cautious when we do some manipulation in gravitational theories based on the analogy to gauge theories.
2. The background-field gauge of gravitational theories, in the most general-form, can have many parameters. Say, for the pure gravity, we can take (1) where K is the gravitational constant with dimension of (mass)-2 , and (a, r1, ···, r10, The item 1 is important especially for the conceptual problem such as how S-matrix should be defined in gravity? We do not touch on the problem except a brief comment in the final paragraph of § 4 (Discussion). The item 2 is the new freedom, which we have missed so far, in the definition of the background effective action. The basiC idea of the present paper is to utilize this freedom in order to present a counterexample to the statement and to rescue the quantum gravity from the present difficult situation of unrenormalizability. So far most of renormalizability analysis (of quantum gravity) was done using the simplest gauge a=1/2, ri=O, 0(K 2 )=0 in (1) due to the technical reason.
)
It is, however, sometimes indicated that the gauge-fixing condition plays a different role in gravitational theories from that in usual gauge theories. For example, in the recently-developed 2 dim. quantum gravity, different symmetries are likely to arise when quantized in different gauges: The quantization in the light-cone gauge reveals the SL(2, R) Kac-Moody symmetry while that in the conformal gauge reveals the Virasoro symmetry. Therefore it is very important to examine' quantum gravity in different gauges.
On the basis of these views, we have recently proposed a new-type analysis of the renormalization problem and have emphasized the importance of the gauge-choice.
For the purpose first we have obtained a new 1-loop counter-term formula which is valid for the most general background-field gauge (1). Second it is pointed out that the generalization of the usual background-field gauge is so important to solve the present difficult situation. As an example we have taken the pure gravity and have calculated explicitly 1-loop counter-terms in a certain type of the generalized gauge. We have showed that it still remains possible that reriormalizability .is valid if we choose the gauge properly. The present paper deals with a simple interacting system, i.e., the scalar-gravity system, in the most general background-field gauge. The theory has so far been believed to be divergent at 1-loop level. We reexamine the problem in the new standpoint stated above. § 2. Scalar-gravity interacting theory and 1-loop counter-terms
We take the following standard lagrangian. (2) where K is the_gravitational constant with the dimension of (mass)- 2 • We expand the lagrangian (2) around the background field up to the quadratic order (1-loop), following the prescription of the background field method. (3) where (gp.v, cp) are the background fields and (hp.v, ¢) are the quantum ones. As the most general (1-loop) background-field gauge, we take the following one with four gauge-parameters (NGP=4).
Lgauge=-
The usual choice is a1=az=/)\=1, a3=0 (Ref. 9)). The gauge (4) parametrizes the space of gauges spanned by four parameters CS1, a1, az, a3), We consider, for the technical reason, the following case, a1 =1-2a, lal<t1; (31 = 1-2(3, l/3l<t1; la3l<t1; az=1 + c;, c;: free, (5) and take into account up to the first order with respect to (a, (3, a3) . The usual choice corresponds to the origin (a=O, (3=0, a3=0, c;=O) in the gauge-parameter space.
The ghost lagrangian corresponding to (4) is given, at the 1-loop level, by
where r;*fl., r;tt are complex vector ghost fields (treated as quantum fields). The complete 1-loop counter-terms can be obtained by evaluating the divergent part of reff[g' cp] defined by (7) For the purpose it is enough to know the counter-term (formula) for the following general 1-loop lagrangian (quadratic part of the expanded lagrangian). (8) where Jri is a generic quantum field with arbitrary suffixes i, gp.v is the background gravitational metric and ( W, N, M, T) are other general background fields. In Ref.
10), the counter-term (formula) for (8) is first presented to the first order with respect to w. We summarize briefly the derivation iri items 1 '""4 below. 3. From the local symmetry above, we can obtain some covariants.
( Ylcr)/=(l7AAcr-AAAcr-tl~a)/,
where AA plays the role of a gauge field and is defined by (10) 4. It can be shown that the counter-terms necessary for the general lagrangian (8) are invariant under the background part of the local symmetry given in item 2. Therefore. all possible candidates are easily listed up by use of the covariants given in item 3. It needs explicit Feynman-diagram calculations to determine their coefficients.
Detailed derivation is done in Appendices A and B. The final result is (11) where the dimensional regularization is used €=4-n, and N1 is the total number of 
where
In (13), nine counter-terms appear (NcT=9). They exhaust all possible independent terms expected from the dimensional analysis, symmetry and the form of the interaction terms. Each coefficient depends on the gauge-parameters in a complicated way. For the special case a=/3=ag=c;=O, (13) reduces to the known resule>,?> (except for a tiny mistake for (f7 2 cp)2 term). § 3. Renormalizability
In gravitational theories, it is ·said to be (1-loop) renormalizable when all divergences obtained in § 2 can be absorbed by the field redefinition. In this case they are where O(h 2 ) means necessary terms for 2-loop case. The total number or parameters appeared in the field redefinition (14) is nine (NFR-6+3=9). Let us see whether the field redefinition (14) can absorb all the divergences obtained in (13) . First we calculate the following quantity.
.£(g+Llg, rp+Llrp)-.£(g, rp)
(15),
where Llgpv and Llrp are those of (14) . Now, by equating the right-hand side of (15) with (13), -(1/87r 2 E)/g~~=IIi0i, and comparing each coefficient (of nine independent terms) in both hand sides, we obtain the following .coupled-linear equation.
Can we solve the above coupled-linear equation with respect to the c/s? For completely arbitrary gauge parameters, the answer is no, because the rank of the matrix, made of all coefficients'of left-side part of (16), is 8 (not 9). This means the 9 ( =NFR) independent field-redefinition parameters can absorb 8 ( =NFR-1) independent counter-terms. One parameter-freedom degenerates when it appears, through the field-redefinition procedure, in the counter-terms (LJFR=1 .) Due to the gauge dependence of (21), we can choose the gauge parameters in the way that the theory is divergence-free .
. We conclude this section by saying that the condition (18) specifies the 3(=NFR -LIFR+ Ncp-NcT)-dimensional renormalizable region in the (4-dimensional) gaugeparameter space. The scalar-gravity coupled theory is (1-loop) renormalizable if we take the gauge within the region (18). § 4. Discussion
The assertion we have made in the present paper is that it is quite possible that the renormalizability of Einstein gravity holds true within the specific region in the gauge-parameter space. For the scalar-gravity interacting theory, we have explicitly calculated 1-loop divergences and have found the divergence-free region (in the gauge-parameter space) specified by one condition (18). Some comments are made in order.
We have made 1-loop analysis. For the higher-loop (!-loop) case, the number of four types of parameters (NM!, LJ}Q, NJP, N~4)) increases simultaneously. The validity of the present way of solving the renormalizability problem depends on whether the relation NJI)-Ll~Q + N£P > N~!? holds in the higher-order or not. ncn =NJI)-Ll}Q + NJJ) -N~!? gives the dimension of the renormalizable region in the gauge-parameter space for each !-loop order.
In Eq. (4), we have introduced the most general (1-loop) background-field gauge. It is unique under the condition; 1) background covariance, 2) the number of derivatives to the quantum fields is less than or equal to 1, 3) S gauge is a 'squared' form and is quadratic with respect to quantum fields, 4) it contributes to the 1-loop counterterms. In particular the condition 2) is necessary to keep the unitarity.
We have utilized the fact that, in the gravitational theories, many parameters can be introduced in the gauge keeping the background covariance. This situation is different from the usual renormalizable theories (Yang-Mills, QCD). The difference comes from the fact that the dimension of the gravitational coupling is (mass)-2 while that of usual gauge theories is (mass) 0 • It is interesting that this fact has so far been used for simple explanation of the nonrenormalizability of the gravitational theories while, in the present treatment, it is used to support the renormalizability.
As for the full calculation with respect to gauge-parameters, the general formula approach presented in this paper, does not seem appropriate. Such calculation so far is done only for the pure gravity.ll),Iz> We can use those techniques for the present model.
We can add another purely-geometrical term to (2) , that is, the cosmological term: scos[g]= Ajg, where A is the cosmological constant with the dimension of (mass) 4 • Its ultra-violet behaviour is good and it does not affect the condition (18). In this case we must take into account the renormalization of the gravitational coupling, the cosmological term and the scalar-field wave function. Their explicit forms, at 1-loop level, are Ks=K{1+(n/t)·K 2 A}, 8A=(rz/t)K 2 A 2 , cps=/Z cp, /Z =l+(rg/e)K 2 A, respectively (r1, r2 and r3 are some numerical constants; Ks and cps are the bare gravitational constant and the bare scalar-field wave function respectively).
We have introduced a scalar field as the simplest matter field. Other matter fields such as fermions, vectors are treated in a similar way. We suppose the renormalizability problem can be solved in the present sense.
Finally we must comment on something about physical quantities in the gravitational theory. [More concretely saying in the present case, how do we deal with the remaining (after the renormalizability restriction) gauge-parameters when we draw some physically-meaningful quantities in the present formalism?] It is the controversial problem. As for global (integral) quantities, such as the total energy, the well~definedness is rather well confirmed. It is known, in the classical gravity, that we sometimes have trouble when we try to define some physically-important local quantities (such as the energy-momentum density). Note that our analysis is based on the local point of view. It is not unnatural that the similar thing occurs when we define something like 'S-matrices' in the present formalism. It must be stressed, however, that the present approach is the most natural extention of the usual quantum gauge theories. Furthermore it could be possible that some integrals over the whole 4 dim. space-time manifold are independent of those introduced parameters. (Because the integral operation averages over all possible coordinates (or gauges).) In this sense, if one defines some integral (global, topological, critical) quantities as physical quantities (which is the popular standpoint of the recent 2 dim. quantum gravitists) our approach has possibility to define those quantities properly.
In the counter-term calculation (13), we have used an Algebrac Software (REDUCE) and the total CPU time is a few hours on a work-station (Apollo/DN10000, 20MIPS).
--New One-Loop Counter-Term Formula for Flat Theories--
We derive a new 1-loop counter-term formula for general flat theories with small 2nd-derivative interactions. Generally their 1-loop expanded lagrangian is described as
where rPi is a generic quantum field with arbitrary suffixes i, and W, NP, M and Tpv are external fields. w is a small perturbation parameter. Generally we may assume, adding total derivatives in (A ·1), the following symmetries for the external fields. · The symmetry (A· 3a, b) corresponds to, in a concrete model with a local gauge symmetry, the (C-type) gauge symmetry and S/(x) corresponds to the local gauge parameter. Therefore the symmetry (A·3a, b) is regarded as a general local gauge in variance. Now let us construct covariants from the transformation properties (A· 3a). First we introduce two external fields, Z and Up.v, defined by
Up.v and Tp.v are related as ( Up.v)ii= -(ZTP.vZ)ij. Their transformation properties are
We can make the following field with dimension of (mass) 1 , which transforms as a gauge field.
At~ is regarded as a general gauge field. Covariants with dimension of (mass) 2 are obtained as
(A ·7)
The covariant derivative is defined as
We can check the following identities.
Now we have furnished all ingredients for the counter-terms of (A ·1). · The most general form is easily obtained by listing up all invariants with dimension (mass) where [,uv11ar8 ] is the totally-symmetric combination of the products of three flat metrics.
(A ·14b)
By equating (A ·13) to (A ·14a), we find all coefficients in (A ·10) as follows. 
where TrX 2 =XijXji, etc. When listing up all independent ones in /i-terms above, note the following relation.
Let us determine all coefficients in (B·3). Among them, (a, b; c1, cz, ca; d1, dz) are equal to the ones obtained in Appendix A because the fiat theory (gf.l.v= Bf.l.v) limit of (B · 3) should reduce to (A ·10). In order to determine other coefficients, we consider the weak gravity in the following case. (i) Determination of e1
First we consider the Mhoo-part. The formula contributes as
On the other hand, from the diagram calculation (Fig. 2) , we can directly obtain the Mhoo-part of the counter-terms.
Equating (B·8) to (B·9), we obtain s s s Fig. 2 . jgM·s-diagram of the lagrangian (B·6). (B ·10)
(ii) Determination of ( e4, e5)
Next we consider hhoooo-part. The formula (B·3) gives
On the other hand, the calculation of the diagram, Fig. 3 , gives
where N1 is the total number of fields: i=1, 2, ... , N1. By equating hhoooo-part of (B·11) to that of (B·12) (using the relations (B·6)) we obtain (B ·13) (iii) Determination of (ez, eg)
Let us consider the w · TMhoo-part in order to determine ez and eg. Among the terms given in (B·3), we see a-, c1-, cz-and Cg-terms, besides ez-and eg-terms, contribute to that part. More explicitly (B·3) gives, as the wTMhoo-part, By equating (B·14) to (B·l5a)+(B·15b) we obtain ez=O, eg=O.
(iv) Determination of //s (B·l5a) (B·l5b)
We consider the cv· Thhoooo-part in order to determine //s. Among the terms given in (B·3), in addtion to //s terms, a-, c1-, cz-, Cg-, ez-and eg-terms give contribu-. tion to that part. Explicitly they are given by, as for T/ -part, 
